ABSTRACT The condensation of free DNA into toroidal structures in the presence of multivalent ions and polypeptides is well known. Recent single molecule experiments have shown that condensation into toroids occurs even when the DNA molecule is subjected to tensile forces. Here we show that the combined tension and torsion of DNA in the presence of condensing agents dramatically modifies this picture by introducing supercoiled DNA as a competing structure in addition to toroids. We combine a fluctuating elastic rod model of DNA with phenomenological models for DNA interaction in the presence of condensing agents to compute the minimum energy configuration for given tension and end-rotations. We show that for each tension there is a critical number of end-rotations above which the supercoiled solution is preferred and below which toroids are the preferred state. Our results closely match recent extension rotation experiments on DNA in the presence of spermine and other condensing agents. Motivated by this, we construct a phase diagram for the preferred DNA states as a function of tension and applied end-rotations and identify a region where new experiments or simulations are needed to determine the preferred state.
INTRODUCTION
Several experimental studies on DNA aggregation and condensation (1-6) have been carried out under a wide range of salt concentrations because of its physiological relevance, especially during the cell cycle (7, 8) . The counterion-induced condensation of DNA is reproduced without difficulty in experiments and yet it is still not fully understood although it is a fundamental and crucial process for our very existence (9) . Multivalent ions promote DNA bending because they neutralize the negative charges on DNA phosphate, which facilitates enhanced protein-DNA interaction, and they may play an important role in facilitating transcription (7) . Protamine-DNA assemblies closely resemble those of DNA condensed by multivalent ions that have less charge and are much smaller in size (10) . Protamine binds and condenses DNA into compact configurations in the sperm of most vertebrates; it inactivates and packages centimeters of DNA in the sperm head (size of a micron approximately) until DNA is reactivated after fertilization (9) .
In this study, to gain a deeper understanding of more complex forms of DNA packing, we extend the results obtained in Argudo and Purohit (11) to make predictions for DNA single-molecule experiments in the presence of high concentration of condensing agents and low concentration of monovalent salt.
Most DNA condensation experiments at high multivalent ionic concentrations have been focused on free molecules in bulk solution (12) (13) (14) (15) , where toroidal structures have been observed. In addition to the experiments in bulk, the force-extension curves in single-molecule experiments under controlled force/extension in high multivalent ionic solutions have been measured (6, 16) . It has been demonstrated that DNA is incorporated into the collapsed condensate in discrete steps (6, (17) (18) (19) and it has been seen that DNA condenses into a single collapsed structure (torus) (18) . More sophisticated single-molecule experiments have recently been performed by Besteman et al. (5) in which DNA molecules in high multivalent salt solutions were subjected to an applied tension and end-rotations. They suggested a simple model to explain their experimental findings, proposing the idea that the DNA compaction starts with the formation of a loop. But it is still not clear what would be the final compact DNA structure (toroids or supercoils) in the presence of high concentrations of multivalent ions under imposed end-rotations. Through our model, we can provide an answer to this question by mapping the different DNA states in a phase diagram constructed by computing and comparing the energies of each state as a function of the external force and number of turns.
We have used a variational approach to solve a constrained energy-minimization problem that corresponds to angular optical-trap (or magnetic-tweezers) experiments on a DNA molecule attached to a substrate at one end while subjected to a tensile force and twisted by a specific number of turns n at the other end in the presence of condensing agents (see Fig. 1 ). Our model is valid in the overtwisting regime only for moderately large values of n (before a structural transition into P-DNA (20) ), where the results of Moroz and Nelson (21) for the entropic elasticity of a twisted polymer are also valid and the DNA can be modeled with constant elastic properties along the entire molecule. In our one-dimensional continuum description of the DNA molecule, we account for DNA elasticity, DNA-DNA interactions, fluctuations, and configurational entropy in the tails, helices, and toroidal loops. For the description of the toroidal structures, we have added the twist effects to a well-established model (22, 23) . And for the description of the supercoiled structures, we follow the treatment in Argudo and Purohit (11) including the effects of multivalent cations in the internal energy.
DNA SUPERCOILING
In this section, we study supercoils. We describe the straight-supercoiled configuration of the DNA, which corresponds to the coexistence of a helical region (plectonemes) and straight portions of the DNA molecule (tails). The analysis of the transition from the straight configuration into the straight-supercoiled configuration is known to be a dynamic process (24) (25) (26) ) and a simplified analysis based on equilibrium energetics (11) will be done in DNA Transitions and Formation of Supercoils. But first, we briefly describe the DNA straight configuration before the supercoiling transition and the straight-supercoiled configuration after the transition.
Straight configuration
As shown in Argudo and Purohit (11) , the energy of the straight state under imposed end-rotations and tension is given by a Legendre transform of the energy under controlled torque given by Moroz and Nelson (21) ,
where F is the external force applied, M is the external moment in the straight configuration due to the endrotations,
and the term G Ã flu is a correction to the energy due to thermal fluctuations (21) ,
where k B is the Boltzmann constant and T is the absolute temperature. The bending modulus of the DNA filament is denoted by K b and the twisting modulus is denoted by K t . The external torque M in the straight configuration can be obtained from the imposed number of turns n c-s , which is equal to the linking number of the DNA molecule (21) . The link corresponds to the classical partition into twist and writhe (27, 28) . The contribution of the thermal fluctuations to the total writhe can be accounted for by using the results of Moroz and Nelson (21) :
Straight-supercoiled configuration
In the straight-supercoiled state, we will model DNA as consisting of three distinct regions: tails, helices, and end-loop. The helical region is characterized by the helical radius r and angle q, which are assumed to be uniform. This assumption has been previously used in several theoretical studies of plectonemes (29) (30) (31) (32) giving results agreeing with experiment.
The molecule contour length spent in the tail is denoted l t , the end-loop length is denoted l o , and the contour length in the helices is denoted l p . The sum of the length of all regions is equal to the total length of the DNA chain L. The equilibrium configuration of the rod is fully specified by the centerline, through the variables r, q and the external moment in the presence of supercoils M 3 s M (11) . In what follows we compute these parameters as functions of the loading (pulling force F and the number of turns n) by minimizing the total energy of the system.
The experiments are performed under imposed end-rotations, therefore the energy minimization will be performed under the constraint that the number of turns n imposed FIGURE 1 Multivalent ions with three or more positive charges can cause condensation. In a given experiment only one type of ion is typically used. The DNA molecule is fixed at one end, whereas the other end is subjected to a pulling force F and twisted by n number of turns. (Top) Sketch representing the formation of supercoiled structure in single-molecule experiments in the presence of condensing agents. (Bottom) Sketch representing the formation of a toroid. 
The system of equations above gives the solution to the variables r, q, and M 3 that describe the energy per unit length in the straight-supercoiled configuration as a function of the applied force F.
Interaction energy in high multivalent salt
When multivalent ions dominate the solution, the electrostatic potential is known to be repulsive-attractive (2) . We assume that the electrostatic interaction between the helices is approximately equal to the interaction between DNA strands in a hexagonal array. The validity of our assumption will have to be borne out of the comparison with experimental data. It was certainly adequate for studying forces during DNA packing in viruses (34, 35) . Therefore, we prescribe the electrostatic contribution U es (r,q) z U es (r), where U es (r) is obtained by relating the osmotic pressure to the total energy of a hexagonal array of parallel DNA filaments (2, 36) . In the repulsive-attractive regime, Todd et al. (36) propose a phenomenological model for the total pressure between the two DNA strands,
where D ¼ 2r is equal to the spacing between the strands, and l z 4.8 5 0.5 Å is the characteristic decay length. The parameters C A and C R describe the attractive and repulsive interactions, respectively. As stated in Todd et al. (36) , at the equilibrium spacing D ¼ D eq the attractive and repulsive forces are equal such that P ¼ 0, and consequently C R ¼ C A exp(D eq /l). The electrostatic potential per unit length is given by Todd et al. (36) as
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Toroids and Plectonemes
The equilibrium spacing D eq for some condensing agents has been measured experimentally and is D eq z 2.8 nm (36) . The factor of ffiffi ffi 3 p enters because each DNA strand is surrounded by six others in a hexagonal array.
The total internal energy is the result of adding the effects of the electrostatic potential U es and the cost of configurational entropy U conf-helix . The free energy of entropic confinement per unit-length of the strand in the plectonemic supercoil is given by (37, 38) 
where
is the persistence length of the DNA chain. The terms c r and c p are, in general, unknown constants fitted to experiment (38) . In our calculations, we will use the terms c r ¼ c p ¼ 2 À8/3 , which are empirically optimized constants as given by van der Maarel (38) . The term 2pp is the pitch of the helix and is given by p ¼ r cotq. In the expression given for U conf-helix , we assume that the undulations in the radial direction of the helix are not restrained by electrostatics but only by the structure of the plectoneme. When using c r ¼ c p ¼ 2 À8/3 , the free energy of entropic confinement per unit-length is small compared to the mechanical and electrostatic energetic contributions. So, small errors in the values of c r and c p can be subsumed into the value of C A , which we treat as a fitting parameter.
Solution for the superhelix parameters
Using U(r,q) ¼ U es þ U conf-helix with C A and D eq values found in the hexagonal array experiments of Todd et al. (36) , it is interesting to find that the system of equations found in Eqs. 11-13 has a nontrivial solution only for forces larger than a threshold force F T . Table 1 summarizes the qualitative effects of the bending modulus K b and the electrostatic parameters (C A , D eq ) on the supercoiling variables and the slope of the hat curves, as a function of the applied force F.
In Fig. S1 in the Supporting Material we present a more detailed analysis of the effects of the parameters K b , C A , and D eq on the supercoiling variables. As a general trend, the helical radius r is approximately constant and close to D eq /2. As F / F T , the slope increases sharply, 2r / D eq , and the values of M 3 and q decrease, which means that the helices are getting less tight (see Fig. S1 ). The solution to the system of equations found in Eqs. [11] [12] [13] shows that the equilibrium values of q and M 3 approach a positive nonzero value as F / F T because of the direct dependence of the internal energy U on (cotq) À2/3 . In the next section, we will analyze the DNA phase-transition into supercoiled structures.
DNA transitions and formation of supercoils
When multivalent ions dominate the solution, the results from the transition have some similar features to the ones found for monovalent ions including the possibility of a transition straight / straight-supercoil and the transition straight-supercoil / pure plectoneme (for sufficiently large number of turns). But the dominance of multivalent ions leads to new features of the transition such as the possibility of collapse from a completely straight DNA configuration into condensed structures such as toroids, due to the attractive-repulsive nature of the DNA-DNA interactions (see DNA Condensation: Coil-Globule Transition). Next, we outline the method to calculate the transition between the straight and supercoiled configurations that is described in detail in Argudo and Purohit (11) .
Transition from straight to straight-supercoil coexistence
The transition from the straight to the straight-supercoil coexistence is characterized by a critical force F critical as a function of the number of turns or equivalently a critical number of turns n critical as a function of the applied force F. As noted in the literature (11, 25, 26) , at the transition point there is a jump in the torque dM ¼ M critical -M 3 together with a jump in the vertical extension dz. The jump in the extension corresponds to the appearance of the end-loop and a sudden formation of a supercoil with l critical p > ¼ 0, where l critical p is the length of the helical region right after the transition. To find (n critical , F critical , dM, dz, and l critical p ), we follow the method described in Argudo and Purohit (11) . We compute the transition variables by recognizing 1), that at the transition the free energy of both configurations is equal, and 2), that the linking number n ¼ Lk is a topological invariant that must be continuous at the transition. Comparing the energies in Eqs. 9 and Eq. 1, together with n c-s ¼ n c-p , readily yields l critical p , M ¼ M critical , n critical , and the other transition variables.
Using proper parameters in the interaction energy U(r, q) as calculated in Todd et al. (36) , we found that as F decreases, the length of the supercoil that appears just after the transition l critical p increases, and the torque just before the transition M ¼ M critical decreases. Furthermore, for the force F T , the solution to the minimization of the energy V pÀ5 yields M 3 , q, r > 0, and l critical p , L -l o . Because M 3 , r, and q have nonzero values, by the use of Eqs. 5-8, it is clear that the number of turns at which the DNA molecule transitions into supercoiling is larger than zero. The number of turns n critical (F T ) is, in fact, equal to the minimum number 
A variable's increase and decrease are denoted by [ and Y, respectively. Long-dash means no significant effect.
Biophysical Journal 103(1) 1-11 of turns n min for which supercoiled structures can coexist with straight DNA. We point out that the numerical calculation of F T based on comparing the energy of two states neglects the presence of thermal kicks that can lower or raise the energy barrier for the transition between states. In general, for a given force F R F T , the transition would take place over a range of values of n. Consequently, the computed values of F T and n critical at the transition are estimates. Furthermore, we know that the transition is a dynamic process that needs further study, including adequate kinetic analysis.
Transition to the fully supercoiled state: pure plectoneme
So far, in our description of the problem, we have neglected the geometric constraint l p % L -l o . As more turns are added, beyond n critical , the straight l t portion decreases and l p increases. As a consequence of the above constraint, holding F constant, as n increases it reaches n critical for which supercoils and tails coexist. As n is further increased, it reaches a value n ¼ n pp > n critical , where l p ¼ L -l o and the DNA has been entirely converted into a pure plectoneme. The number of turns as a function of F at which the transition into the pure plectoneme takes place is given by
where dl p /d n is the change in the length of the helices as a function of the number of imposed turns (11):
So far, we have theoretical estimates of n critical (F) and n pp (F) in n versus F space describing DNA transitions in single molecule experiments. This would prove to be useful, as shown in the subsection Phase Diagram: DNA Configurations, to understand the description of the complete phase diagram of DNA configurations when we include the possibility of formation of not only supercoils, but also toroidal structures. So, next we consider the possibility of DNA condensation into toroidal structures under imposed tension and end-rotations.
DNA GLOBULAR STATE
Experimental studies of DNA condensation (induced by multivalent ions) in the bulk have shown that DNA condenses into toroidal structures (12) (13) (14) (15) . Consequently, the globular state is modeled as a torus. We will denote by a the radius of the tube and R the distance from the center of the tube to the center of the torus (see Fig. 1 ). The free energy in the globular state in the absence of twist can be found in Grosberg and Zhestkov (22, 23) . Here we include the possibility of applying moments to the DNA chain. The free energy of the globule is approximately given by
where L g is the DNA length in the condensed-globular state.
The first term in parentheses G g < 0 is the energy of intersegment interaction per unit length, and is negative, due to the attractive nature of the interactions from the multivalent ions in condensed DNA (16, 23, 36) . As stated in Todd et al. (36) , there are ''nominal configurational'' differences between globular DNA condensates and parallel DNA strands under osmotic stress, but in both cases the intermolecular interactions between DNA filaments are the predominant effect. Minimization of the surface and bending energy in the toroidal condensates would theoretically lead to the same local structure as parallel arrays (36) . Therefore
is the interaction energy given by Eq. 15 at the equilibrium distance (36) . In the Supporting Material, we describe a different model suggested by Battle et al. (39) to account for the torus internal energy interactions that leads to similar results. The second term in Eq. 19 is the bending energy and the entropic cost of confinement. An estimate of the confinement free energy per unit length of the toroid can be computed from the configurational cost of a long persistent chain confined into a sphere. It is approximately the bending energy of the toroid,~2K B R À2 (40) . If the configurational entropy is neglected, then e ¼ 1/2 from the bending contribution. The third term in Eq. 19 is the twisting energy per unit-length, where M g is the induced moment in globular state due to end-rotations. The parameter E s in Eq. 19 represents the surface tension energy of a toroid of volume f Ra 2 . The effective diameter of the DNA chain in the toroidal state is d ¼ D eq and its value is regulated by the internal interactions of the loops making up the toroid. The free energy V g has to be minimized subject to two constraints. The first constraint is given by the requirement that the volume of the globule (torus) in the condensed state has to be approximately equal to the volume of DNA chain (22)
where we have introduced the constant c˛ [1,8p] to account for the prefactors in the volume of a distorted torus. Further discussion about the constant c can be found in the Support-
2 ) loops (41), also known as the ''torus winding number'' (39) . The second constraint says that the number of turns n imposed on the DNA chain has to be equal to the linking number Lk g (a topological invariant) of the globule
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Then energy b V g has to be minimized with respect to the unknown variables M g , a, R, and Wr
and combining Eqs. 23 and 24, we obtain a relationship between R and a as a function of M g :
À and there is no twist present in the globule. Setting M g ¼ 0 in Eq. 25 and using the constraint Eq. 20 we recover the solution for the size of the DNA condensate in the absence of twist (22, 23) ,
where a ¼ g/(4ec 3 ) is a constant. The globule's winding number is given by
and
. From the energy-minimization procedure, the obtained values of R o and a o yield a surface tension energy that is four times the bending energy of the system. In the case where M g ¼ 0, because the relations given in Eq. 26 are independent of the number of turns n and force F, the equilibrium energy of the globular system given by Eq. 19 is a constant independent of the controlled variables F and n.
The results in Eqs. 26 and 27 given by the condition M g ¼ 0 are independent of the number of turns n and reflect that the DNA chain can accommodate all the external applied link into the loops forming the torus. It should be noted that Wr À > 0 is an independent variable as long as the number of applied turns n is smaller than the number of loops N o g that the globule can accommodate. When n is larger than N o g given by Eq. 27, the extra link that the torus cannot accommodate as loops has to be stored as twist. If n > N o g , then Wr À ¼ 0, M g s 0 and the solution to the minimization of b V g is given by Eq. 25 together with the constraints Eq. 20 and Eq. 21.
Note that the system will adopt the same solution with M g s 0 in Eq. 25 for all values of n, if, due to kinetic or other constraints, the globule is forced to store single signed loops (e.g., Wr À ¼ 0). As expected for M g s 0, the energy of the toroidal system is no longer independent of the number of turns n. Therefore we see that if n % N o g , then the theoretical scenario with M g ¼ 0 is the limiting case where the system is always able to reach thermodynamic equilibrium. However, if n R N o g , then the solution with M g s 0 in Eq. 25 is similar to taking into account some constraints that might force single signed loops in the toroid. Finally, we point out that the results obtained following the methods described in this section are valid as long as the results yield R > a, for which the DNA has a toroidal structure (22) .
DNA condensation: coil-globule transition
Mamasakhlisov et al. (23) recently developed a statistical mechanical model, based on a mean field approach and the Zimm-Bragg model, for the condensation of an insoluble flexible polymer under tension and no twist. According to their theory, for an infinite length chain the transition is first order, whereas for finite length polymer the transition is sharp and progresses over a small interval of tension.
To consider the straight-to-globule transition under tension and imposed end-rotations we simplify the treatment given by Mamasakhlisov et al. (23) and use a similar idea to the transition model used in Baumann et al. (16) . We assume the transition to be sharp (small cooperativity value) such as in the case of the homogeneous persistent chain (23) . This assumption is based on recent DNA single molecule experiments in multivalent salts done by van den Broek et al. (18) , where a single nucleation cite for the toroid was observed, which leads to the idea that the surface energy term in the free energy of a toroidal condensate is indeed large. We can now compare the energy of the straight configuration (right before the transition) with the energy of the condensed-toroid (right after the transition). The energy of the condensed-torus is described in DNA Globular State Biophysical Journal 103(1) 1-11 and is given by Eq. 19 where L g ¼ L, such that the entire DNA has collapsed and is in the toroidal state. We can estimate the value of the force F c-o (as a function of the number of turns n) for which the transition (straight / toroid) occurs as done previously by noting that: 1), at the transition the energy of the straight configuration and condensed-globular configuration are equal, and 2), the linking number
where a o and R o have been replaced with the solution given in Eq. 26. The value of the moment M in the straight configuration is prescribed as a function of the number of turns at the transition n sg given by Eq. 4.
In the case where n R Wr o g or in the case when the torus can only store one signed turns, comparison of the energies between the two states yields the critical force as a function of the number of turns n twist sg ,
where M g , a, and R are given by solving the system of equations presented in Eqs. 20, 21, and 25 and M is given by Eq. 4 as a function of the number of turns at the transition in the presence of twist n twist sg . We close this section by pointing out that although the step size in single-molecule experiments may be dictated by a kinetic process, we are interested in the final loop sizes governed by the thermodynamic parameters. We assume that, for sufficiently long waiting times, DNA will reach thermodynamic equilibrium. Our assumption is supported by the experimental studies (12) (13) (14) in the bulk under the introduction of static loops and the computer simulations in Cárdenas-Lizana and Hsiao (42) . For a brief discussion of the final size of the toroid, we refer the reader to the Supporting Material.
RESULTS

Comparison with experiment
The experiments by Besteman et al. (5, 43) were performed for a DNA sample of length L z 2720 nm and for three different condensing agents: spermine, cosep, and protamine. To see if we can fit their data we started by solving the transition from straight DNA to supercoiled-straight configuration. For the twisting modulus, we have used K t~8 6 k B T as done by Besteman et al. (5), whereas for the bending modulus we have used K b~5 0 k B T for spermine (as done in Besteman et al. (5) and van den Broek et al. (18) ), and K b~2 5 k B T both for cosep and protamine. There is evidence that there is a substantial decrease in the bending modulus in the presence of condensing agents, where cations with higher charge density have a stronger effect (44) . The bending moduli have been measured to decrease up to K b~1 5 k B T for strong condensing agents such as cohex (16) (36) .
The phenomenological parameters C A and C R used for the condensing agents were obtained as estimates from the measurements performed for different condensing ions in Todd et al. (36) (10) . The blue solid line in Figs. 2 and 3 shows the transition from straight / straight-supercoiled as a function of the controlled variables F and n. Our theoretical predictions accurately match experiment for moderately large numbers of turns. The black dashed line shows the minimum number of turns n min for which supercoiled structures coexist with straight DNA portions (plectonemes with tails). For n < n min there is no solution to the transition problem straight / straight-supercoiled. Interestingly, the theoretical value of n min appears to agree with a discontinuous jump in the data of Besteman et al. for the condensing Web 3C FIGURE 2 Curve of n critical shows the transition from straight configuration to supercoiled þ straight coexistence. The curve n min shows the minimum number of turns at which supercoiled þ straight can coexist. The curve n twist sg (n sg for toroids with no twist) shows the transition from straight to toroidal configurations. Spermine is the condensing agent, and we have used C A ¼ 690 pN/nm 
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Toroids and Plectonemesagents, where there seems to be a region of experimental points that is approximately independent of n (zero slope) and region where the points increase as a function of n. Next, we consider the possibility that DNA molecules can collapse into toroidal structures for both spermine and cosep. We use the same electrostatic parameters (C A , C R , D eq ) and bending modulus K b that we used for the straight-to-supercoil transition. We neglect here the confinement cost in toroidal structures and set e ¼ 1/2 (the effect of e and other parameters on the calculations is described in the Supporting Material).
The only parameter left is the surface tension term a(E s f a) in the free energy of the torus. The surface energy contribution for DNA condensates has not been completely worked out in the literature and we could not find specific values for any condensing agent. In one of their articles, Ubbink and Odjik (45) suggest that the surface tension energy E surface z Ak B T V 1/3 d À2 becomes important when the dimensionless parameter b~O(1), where
is the volume of the torus. Using our notation,
In another article, Ubbink and Odjik (46) suggest that for E surface z GS, where G is the surface tension parameter and S ¼ (2p) 2 Ra is the surface area of the torus, Gd 2 / (k B T)~O(1). In our notation,
In their work on condensation, Park et al. (41) used estimates of the cohesive energy where E surface ¼ GS and Figs. 2 and 3 the fitted value is a ¼ 0.013. This means b z 2.6 and Gd 2 / (k B T) z 0.6 for spermine, whereas b z 7.5 and Gd 2 / (k B T) z 1.1 for cosep, because d ¼ D eq and A depend on the condensing agent. In both cases, the surface tension parameter is of the order suggested by Ubbink and Odjik (45, 46) .
The red solid line in Figs. 2 and 3 shows the transition from straight / toroids (with no twist) as a function of the controlled variables F and n. The red dashed line shows the transition for toroids with twist. Our theoretical predictions show good quantitative agreement with experiment for 0 < n < n min . The solution to the problem in thermodynamic equilibrium shows that the supercoiled-straight configurations are energetically more favorable than the toroidal condensates for n R n min and F > 0.
The solution to the problem in thermodynamic equilibrium where supercoiled structures compete with toroidal condensates is given by a comparison of the energies Eq. 9 and Eq. 19. In the Supporting Material, we address how this competition of DNA configurations plays out as a function of persistence length A, the toroid configurational entropy parameter e, and the toroid surface tension parameter a.
In the next section, we complete a phase diagram based on the DNA configurations we studied. Fig. 4 . The light-blue region labeled U is an unknown region in the phase diagram. The minimization of energy over the studied configurations does not yield a favorable state in the unknown region. In this region, F % F T such that there are no supercoiled-straight configurations and the number of turns n is not sufficiently large to consider a pure plectonemic state where the energy is approximately independent of F. The unknown region is below the yellow region (which corresponds to a collapsed DNA structure), yet based on our theoretical analysis of constrained minimization, in parts of the unknown region the straight configurations are preferred to toroidal structures. This would mean that as F is decreased, the DNA can collapse into supercoiled structures and as F is further reduced, then it will go back to a straight configuration. This seems counterintuitive, so we identified this region as unknown. We suspect that in the unknown region, toroids and plectonemes compete and that the configurations in this region are more complex forms of DNA compaction, which can be clarified by further experiments or simulations.
Phase diagram: DNA configurations
The solution for straight / straight-supercoiled configurations for F~F T yields helices with large pitch 2pr cotq (q / 0), meaning that the DNA is approaching the configuration of two parallel rods. The value of the supercoiling angle q is nearly constant for F > F T , but as F / F T the value of the supercoiling angle q decreases sharply as depicted in Fig. S1 . As the pitch increases the two DNA filaments see each other less and it is expected that the magnitude of the internal interactions will decrease. This is the case for DNA in monovalent salt solutions as evidenced by the energy expressions provided by Ubbink and Odjik (37) . Therefore even though for F > F T the phenomenological model U es (r) given in Eq. 15 for the helical region provides good estimates when compared to experiment, this approximation should become less accurate for F close to F T . For F~F T , the internal energy becomes less negative, and we expect the actual value of the transition force F to decrease when compared to the theoretical case used to construct the phase diagram in Fig. 4 a.
Considering this effect would modify the S / S þ P transition curve close to the region F~F T and n~n min in Fig. 4 a. Consequently, we expect our theoretical solution for the transition close to F T to provide some qualitative insight to the transition problem rather than an accurate prediction. In Schnurr et al. (47) and Montesi et al. (48) , the authors provided a thorough analysis of a collapse of single, stiff polymers in poor solvent in the absence of twist and tension. It was suggested that the condensation proceeds via a cascade through metastable intermediates (i.e., racquets) toward the equilibrium configuration that is the torus. We speculate that the high-pitch solutions (that approach two parallel filaments) resemble the racquets studied in Schnurr et al. (47) and Montesi et al. (48) .
In Fig. 4 b we show a scenario where we have decreased the surface tension parameter a ¼ 0.0003 (~40 times smaller than the one used to fit the experiments of Besteman et al.). The solution yields toroids of mean radius R~120 nm. We can see that there is a region in (F, n) space, where DNA makes a transition straight-supercoiled / toroid and that there is no unknown region. The unknown region tends to disappear for a <~0.001 (Gd 2~0 .1 k B T), which is of the order of the value used by Park et al. (41) and an order-of-magnitude lower than the ones used to fit the data of Besteman et al. (5) in Fig. 4 a.
CONCLUSIONS
We have studied the mechanics of DNA in the presence of condensing agents. The result of our analysis is a phase diagram showing the most favorable DNA configuration as a function of the controlled variables-force F and number of turns n. Because the possible physical mechanisms of counterion-induced DNA condensation are still debated in the literature (9,36), our theoretical-mechanical model can be used as a framework to test DNA-DNA interaction theories. Our model allows to easily see the effects of parameters such as K b and D eq (which are specific to the condensing agent and its concentration (36, 44) ) on the final equilibrium structure. We have constrained our analysis to the observed DNA configurations-straight, supercoiled, and toroidal. Here we give a short summary of all the results we have obtained.
A key result of our analysis is that there are no supercoiled solutions to the equations of equilibrium below a critical force F T in the presence of condensing agents (see Fig. S1 ). For moderately large values of n and F (not too close to F T ) the supercoiled structures are the most favorable state, but as the number of turns increases (or tensile force decreases for moderately large n) there is a transition into pure plectoneme. For low values of n, toroidal structures are favored when F < F T . Our theoretical estimates of the transition force and number of turns n describe the experiments of Besteman et al. very accurately away from the point F~F T and n~n min . The predicted DNA configurations from our phase diagram can be tested experimentally using fluorescence imaging methods to visualize the formation of the collapsed structure as done in (18) .
Also, if there is formation of supercoiled structures, this process should be reversible and therefore there would be no hysteresis in the loading and unloading curves as long as the supercoils persist. This is the case in the formation of plectonemic structures in monovalent salt (24, 26, 49) , when there are no structural changes in the DNA molecule Fig. 2 and (b) a ¼ 0. 0003. The straight configuration is the most favorable one in the white region and it is marked with S. The straightsupercoiled configuration is marked with S þ P (yellow), whereas the entirely supercoiled structure (pure plectonemes) is marked with PP (green)
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Toroids and Plectonemes (20, 50, 51) . Furthermore, as noted in Fig. S1 , our model predicts that for moderately large F the slopes of the hat curves (extension versus rotation) are relatively constant as a function of n, whereas the value of the slope sharply increases as F decreases approaching F T . The same methods used to measure the torque and slope in single-molecule experiments using monovalent salts can be used in the presence of condensing agents and therefore test our theoretical predictions.
Our treatment of the toroidal structures assumes a large continuum limit where R > a >> D eq with no geometrical defects. The final toroidal state depends on the value of the surface tension parameter a whose value remains unresolved. In Fig. 2 , the red solid line showing the transition from straight / toroids, matches quantitatively the experimental data. But the match between theory and experiment is not so obvious in Fig. 3 , where experiment shows a large range of force values for n ¼ 0 and n ¼ n min at the transition from straight / toroids. Changing the value of a (while still inside the range used previously in the literature (41, 45, 46) ), modifies the phase diagram (see Fig. 4 ) for low values of F and n. Using different values of a can reproduce the entire range of values of the experiments in Besteman et al. in Fig. 3 .
Possible improvements to our theoretical framework include modeling thicker toroids when R~a (52), deformed toroids (45) , and toroidal structures with topological defects (41) . Also note we have performed only a constrained minimization of the free energy over a class of equilibrium structures, which leads to a region in the phase diagram where the preferred configuration is unknown. More sophisticated calculations and experiments will be needed to determine the correct equilibrium shape of the DNA in that region.
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S.1 Solution for the supercoiling parameters
Comparing the different types of lines in Fig. S1 shows how the solution for the supercoiling variables M 3 , θ, r and d∆z/dn (slope of the extension vs. rotation curves) varies as a function of the constant parameters C A , D eq , K b . The effect of C A can be seen by comparison of the black solid line and the blue dashed-dot line, the effect of K b can be seen by comparison of the black solid line and the green dotted line. The slope d∆z/dn of the hatcurves (which can be experimentally measured (1-3) ), showing the end to end distance as a function of the applied number of turns is equal to ρdl p /dn, where
is the effective mean extension due to thermal fluctuations (4), K 3 is given by Eq. 2 (replacing M by M 3 ) in the main text and dl p /dn is given by Eq. 18 in the main text.
S.2 Final size of the toroid at equilibrium
In constrained single molecule experiments with condensing agents, stepwise folding and unfolding signals have been obtained. The step sizes observed are believed to be correlated to the size of the toroidal structures. The measurements of Murayama et al. (5) and Fu et al. (6) show ∼ 300 nm step sizes yielding toroids with mean radius of ∼ 50 nm, similar to those observed in bulk experiments. More recently, higher resolution experiments have addressed the folding dynamics in the condensing process (7-9) yielding consistent step size of approximately 40 − 50 nm. Based on this last set of data it has been proposed that the final step size of the toroidal condensates may be dictated by kinetic processes rather by the thermodynamic parameters (8) . In Fig. S2 we plot the toroid dimensions as a function of the number of turns n. Our predicted values of R are comparable to the ones observed in experiments with unconstrained DNA (10, 11), but do not seem to agree with the step size (loop size in a toroid) measured in (7) (8) (9) , which correspond to values of R ≈ 7nm. Such small values of R would lead to a bending energy much larger (10 to 20 times larger than our predictions). The step size for n = 0 measured in refs. (7) (8) (9) is approximately equal to the homoclinic loop size (12) .Based on these results, Besteman et al. (9) on the circular end loop model proposed by Strick et al. (13) and although it agrees with the experimental data it is not sufficient to predict the final configuration of the DNA molecule, since assuming a circular loop can be applicable to plectonemes, toroids or a series of separated loops (curls). In (11, 14, 15) nucleation of condensates in free DNA in the bulk was analyzed under the introduction of static loops that modified the dimensions of the toroids. It was found that static loop serves as a nucleation site that defines the average size of the final toroidal structure, which was smaller than the toroids seen in the absence of the static loops. In the same experiment it was also found that the formation of the regular size toroids (R ≈ 50nm) is not blocked by the introduction of the static loops. When longer waiting times were allowed, fewer smaller toroids whose size was dictated by the presence of the static loops were observed and more regular size toroids were formed. This suggests that smaller toroids are metastable states and when longer times are allowed the system approaches thermodynamic equilibrium. Fig.S2 shows the toroid dimensions as a function of the number of turns n. The predicted values of R and a are of the same order as the ones observed in experiments with unconstrained DNA R ∼ 50nm and a ∼ 25nm (10, 11) .
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S.3 Alternative energy expressions for the toroidal condensates
We can also use the internal energy expression U = H int as suggested by Battle et al. (16) to obtain similar results for the scaling behavior of R o and N o g as in the main text. In the case of the toroids we replace the electrostatic energy term G g L and the energy associated with the surface tension E s in the energy expression Eq.22 of the main text, with Battle et al. expressions such that:
where we have used the approximation of large-N g behavior (16) and ω is the surface tension parameter. The equilibrium variables are obtained by minimizing the energy with respect to the linking number constraint Eq. 24 in the main text and the length constraint L = 2πRN g . In the case of M g = 0 we obtain:
The value of ω can be fitted to the case when n = 0 to obtain the experimental value of F critical in (9) . Using values of ǫ ∈ [1/2, 5/2], for spermine ω ∼ 0.75pN and for cosep ω ∼ 1.65pN gives good fits to experiment yielding toroids of radius R ∼ 30nm (Battle et al. uses ω = 1.6pN).
S.4 Competition of Globules vs Plectonemes
For n, F > 0 there could be a competition between globules and plectonemes. The solution to the problem in thermodynamic equilibrium is therefore given by a comparison of the energies Eq. 9 and Eq. 22 (see main text) as a function of the state variables F and n. There are other energy terms that could be important in describing each configuration such as the energy cost due to defects in the toroid (17) or a more
Supporting Material -Toroids and Plectonemes 5 rigorous analysis of the energy cost upon confinement into condensed structures. Consequently, the comparison between these two states is not straight forward and could lead to more than one scenario. Below we describe the results obtained for some theoretically possible cases.
• We performed a calculation where we varied the persistence length A ∈ [5nm, 150nm]. The bending energy in the plectonemic state decreases linearly with the persistence length, while the bending energy and the surface tension energy of the torus with no twist is proportional to A 1/5 . So as A increases (decreases) the increase (decrease) of the supercoiled configuration energy V s−p is larger than the increase (decrease) of the torus energy V g (M g = 0). For small values of the persistence length A the equilibrium radius R tw for toroids with twist (M g = 0) is much larger the equilibrium radius R o of the toroids with no twist (M g = 0). Toroids with twist have a larger energy than the ones with no twist. But as A increases then R tw → R o and the gap in the energy between toroids with and without twist decreases.
• We also modified the parameter ǫ ∈ [1/2, 5/2] to account for configurational entropy cost of the toroidal condensates, where ǫ = 5/2 if the energy cost is equal to confining a flexible chain in a sphere of radius R (18). For larger values of ǫ (keeping all the other parameters fixed including α) the energy of the toroid increases, but note that the dimensions of the toroid without twist do not vary (see Eq. 29 in the main text). For larger values of ǫ we can still accurately model Besteman et al. experimental data by fitting a smaller value of α (which is still in agreement with the range given in Refs. (17) (18) (19) (20) ).
• We also computed the solution to the minimization of energy of the toroidal structure for different values of the surface tension parameter α. It is interesting to note that since α ∝ c −5/2 , for toroids with M g = 0 and M g = 0, the equilibrium radius R, the winding number N g and the energy of the toroid V g are independent of the value of the constant c ∈ [1, 8π] (which stands for the shape imperfections of the toroid), but the thickness of the torus a is proportional to c −1/2 . As α decreases the toroid energy decreases and the the globular condensates become more energetically favorable. But as α decreases the globule winding number N o g decreases too, making toroids with out twist less likely to exist as a function of the number of turns n. Toroidal configurations start to compete with plectonemic structures for very small values of α (approximately an order of magnitude smaller than the ones used to compare to Besteman et al. experiments). For such values of α, the solution to the minimization of energy leads to equilibrium configuration where R ∼ 100nm for n = 0. For n > n min , as F gradually decreases, even in the case where α → 0 (such that N o g → 0 and R → 2πL), straight DNA first transforms into a supercoiled-straight configuration and eventually can make a transition into a toroidal structure. So for a certain range of n the DNA makes a transition from a straight-supercoiled configuration into a toroid instead of becoming a pure plectoneme, meaning that there could be competition between pure plectonemes and toroids for a region in F vs. n space. Nevertheless, recall that smaller values of α mean larger cooperativity and we would expect to see more than one nucleation site in experiment, which does not agree with the observations in (8).
• Increasing the value of the phenomenological parameter C A and the exponential decay length λ in the DNA-DNA interactions Eq.15 in the main text, makes both collapsed states (S + P and T ) become energetically more favorable with respect to the straight configuration. Consequently as C A and λ increase the value of F critical (transition force between states) increases as function of n.
We conclude that for large number of turns n > n min it is likely that the DNA state corresponds to a supercoiled configuration.
S.4.1 Energy source contributions
In Fig. S5 we show the relative dominance of each energetic source for the toroidal configuration including twist. Recall that the toroids energy is independent of the applied force F . The major energetic contributions correspond to surface energy and the DNA-DNA interactions. Bending energy is approximately constant as a function of the number of turns, while both the surface and twist energetic contributions increase as a function of the number of turns. In the case of the supercoiled-straight configurations, the energy is a function of both the force and the applied number of turns. For a given force F , the energy increases linearly with n, where l p (length of the helical region) is the only variable as a function of n. In Fig. S6 we plot the specific energy contributions in the supercoiled-straight configuration as a function of F . Fig.  2 in the main text. The black solid line corresponds to the straight configuration, the blue solid line to the straight + supercoiled coexistence, the blue dashed line correspond to the pure plectonemic phase, the red solid line correspond to toroids with twist and the green solid line correspond to toroids with no twist. Notice that the solution for toroids with no twist is only valid up to the point where the applied number of turns n is smaller than or equal to the toroid winding number N o g . The point where n = N o g corresponds to the intersection of the red line and the green solid line. We have also plotted the energy density for torsionally unconstrained toroids depicted by the green dashed line. We point out that the torsionally unconstrained toroids which carry no twist are not a realistic solution for this problem. The link constraint on the DNA molecule must be taken into account otherwise toroids (unconstrained) would become energetically more favorable than supercoiled structures as n increases (green dashed line crosses the blue dashed line). The value of n critical (transition S → S + P )is given by the intersection of the black solid line and blue solid line, the value of npp (transition S + P → P P ) is given by the intersection of the blue solid line with the blue dashed line. We have plotted the energy density for three representative forces F : (a) F = FT ≈ 2.4pN, supercoils are the favorable state for n ≥ n critical ; (b) F = 3pN > FT , for larger forces the intersection between the black solid line and blue line moves toward larger values of n critical ; (c) F = 1.5pN < FT , there is no solution for the coexistence of straight + supercoiled, toroids are the preferred state up to npp which is the point were the P P solution starts.
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Supporting Material -Toroids and Plectonemes Fig. S3 , but here we do not present the solution for torsionally unconstrained toroids. Changing the value of α changes the preferred state of the DNA molecule as a function of the applied force F . Again we plot the energy density of the competing structures for three representative forces F : (a) F = FT ≈ 2.4pN, toroids are the preferred state up the intersection point of the blue dashed line and red solid line; (b) as the force increases F = 2.5pN < FT , both the S and S +P decrease its energy density, and at n = 0 the S and T (twist) have the same energy; (c) as the force further increases F = 3pN > FT , the S configuration becomes the preferred state up to n critical and supercoils are the favorable state for n ≥ n critical .
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